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Abstract. This work is an effort in order to compose a pedestrian review of the recently 
elaborated Doplicher, Fredenhagen, Roberts and Amorim (DFRA) noncommutative (NC) 
space which is a minimal extension of the DFR space. In this DRFA space, the object of 
noncommutativity (6"*^) is a variable of the NC system and has a canonical conjugate mo- 
mentum. Namely, for instance, in NC quantum mechanics we will show that 9''^ = 1, 2, 3) 
is an operator in Hilbert space and we will explore the consequences of this so-called "ope- 
rationalization" . The DFRA formalism is constructed in an extended space-time with in- 
dependent degrees of freedom associated with the object of noncommutativity 6'^" . We will 
study the symmetry properties of an extended x + space-time, given by the group P' , which 
has the Poincare group "P as a subgroup. The Noetlier formalism adapted to such extended 
X + 9 (D = 4 -)- 6) space-time is depicted. A consistent algebra involving the enlarged set of 
canonical operators is described, which permits one to construct theories that are dynami- 
cally invariant under the action of the rotation group. In this framework it is also possible 
to give dynamics to the NC operator sector, resulting in new features. A consistent classical 
mechanics formulation is analyzed in such a way that, under quantization, it furnishes a NC 
quantum theory with interesting results. The Dirac formalism for constrained Hamiltonian 
systems is considered and the object of noncommutativity 9''^ plays a fundamental role as 
an independent quantity. Next, we explain the dynamical spacetime symmetries in NC 
relativistic theories by using the DFRA algebra. It is also explained about the generalized 
Dirac equation issue, that the fermionic field depends not only on the ordinary coordinates 
but on 6'^'^ as well. The dynamical symmetry content of such fermionic theory is discussed, 
and we show that its action is invariant under P' . In the last part of this work we analyze 
the complex scalar fields using this new framework. As said above, in a first quantized for- 
malism, 0^"^ and its canonical momentum tt^^, are seen as operators living in some Hilbert 
space. In a second quantized formalism perspective, we show an explicit form for the ex- 
tended Poincare generators and the same algebra is generated via generalized Hcisenberg 
relations. We also consider a source term and construct the general solution for the complex 
scalar fields using the Green function technique. 
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1 Introduction 

Theoretical physics is living nowadays a moment of great excitement and at the same time 
great anxiety before the possibility by the Large Hadron Collider (LHC) to reveal the mysteries 
that make the day-by-day of theoretical physicists. One of these possibilities is that, at the 
collider energies, the extra and/or the compactified spatial dimensions become manifest. These 
manifestations can lead, for example, to the fact that standard four-dimensions spacetimes may 
become NC, namely, that the position four- vector operator x'^ obeys the following rule 

[x^,x^=ie''^ (1.1) 

where 9'^'^ is a real, antisymmetric and constant matrix. The field theories defined on a space- 
time with (jl.ip have its Lorentz invariance obviously broken. All the underlying issues have been 
explored using the representation of the standard framework of the Poincare algebra through 
the Weyl-Moyal correspondence. To every field operator (/^(x) it has been assigned a Weyl 
symbol '^{x), defined on the commutative counterpart of the NC spacetime. Through this cor- 
respondence, the products of operators are replaced by Moyal ★-products of their Weyl symbols 

99(x)V'(x) — > ip{x) ★ i;{x), 

where we can define the Moyal product as 



ip{x) -k tp{x) = exp 



2 ^x^' dy" 



^ixMy)l^y (1.2) 



and where now the commutators of operators are replaced by Moyal brackets as. 



[x^, x"]^ = x^ x" - x" * x^" = iO^". 
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From (jl.2p we can see clearly that at zeroth-order the NCQFT is Lorentz invariant. Since 6^'^ 
is valued at the Planck scale, we use only the first-order of the expansion in (|1.2|) . 

But it was Heisenberg who suggested, very early, that one could use a NC structure for space- 
time coordinates at very small length scales to introduce an effective ultraviolet cutoff. After 
that, Snyder tackled the idea launched by Heisenberg and published what is considered as the 
first paper on spacetime noncommutativity in 1947 [T]. C.N. Yang, immediately after Snyder's 
paper, showed that the problems of field theory supposed to be removed by noncommutativity 
were actually not solved [2] and he tried to recover the translational invariance broken by Sny- 
der's model. The main motivation was to avoid singularities in quantum field theories. However, 
in recent days, the issue has been motivated by string theory [3] as well as by other issues in 
physics [U El El E] . For reviews in NC theory, the reader can find them in [51 E] (see also [TU] ) . 

In his work Snyder introduced a five dimensional spacetime with S0(4, 1) as a symmetry 
group, with generators M^^, satisfying the Lorentz algebra, where A,B = 0, 1, 2, 3, 4 and using 
natural units, i.e., h = c = 1. Moreover, he introduced the relation between coordinates and 
generators of the 50(4, 1) algebra 

x'' = aM^i" 

(where //, = 0, 1, 2, 3 and the parameter a has dimension of length), promoting in this way the 
spacetime coordinates to Hermitian operators. The mentioned relation introduces the commu- 
tator, 

[x^,xn =ia2M^'^ (1.3) 
and the identities, 

[M^^,x^] =i(xV^-xV^) 

and 

which agree with four dimensional Lorentz invariance. 

Three decades ago Connes et al. (see [11] for a review of this formalism) brought the concepts 
of noncommutativity by generalizing the idea of a differential structure to the NC formalism. 
Defining a generalized integration [12] this led to an operator algebraic description of NC space- 
times and hence, the Yang-Mills gauge theories can be defined on a large class of NC spaces. 
And gravity was introduced in [13]. But radiative corrections problems cause its abandon. 

When open strings have their end points on D-branes in the presence of a background constant 
B-field, effective gauge theories on a NC spacetime arise [141 115j . In these NC field theories 
(NCFT's) [9], relation (|1.3p is replaced by equation (jl.ip . A NC gauge theory originates from 
a low energy limit for open string theory embedded in a constant antisymmetric background 
field. 

The fundamental point about the standard NC space is that the object of noncommutativi- 
ty 6'^'^ is usually assumed to be a constant antisymmetric matrix in NCFT's. This violates 
Lorentz symmetry because it fixes a direction in an inertial reference frame. The violation of 
Lorentz invariance is problematic, among other facts, because it brings effects such as vacuum 
birefringence [16]. However, at the same time it permits to treat NCFT's as deformations of 
ordinary quantum field theories, replacing ordinary products with Moyal products, and ordinary 
gauge interactions by the corresponding NC ones. As it is well known, these theories carries 
serious problems as nonunitarity, nonlocalizability, nonrenormalizability, UV x IR mixing etc. 
On the other hand, the Lorentz invariance can be recovered by constructing the NC spacetime 
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with 9^'^ being a tensor operator with the same hierarchical level as the x's. This was done in [T7j 
by using a convenient reduction of Snyder's algebra. As and 6^" belong in this case to the 
same affine algebra, the fields must be functions of the eigenvalues of both and 9^'^ . In [18] 
Banerjee et al. obtained conditions for preserving Poincare invariance in NC gauge theories and 
a whole investigation about various spacetime symmetries was performed. 

The results appearing in [1^ are explored by some authors [IHl [IH |20l Ell l22l [23]. Some of 
them prefer to start from the beginning by adopting the Doplicher, Fredenhagen and Roberts 
(DFR) algebra |10j , which essentially assumes (jl.lh as well as the vanishing of the triple commu- 
tator among the coordinate operators. The DFR algebra is based on principles imported from 
general relativity (GR) and quantum mechanics (QM). In addition to (ll.ip it also assumes that 



With this formalism, DFR demonstrated that the combination of QM with the classical 
gravitation theory, the ordinary spacetime loses all operational meaning at short distances. 

An important point in DFR algebra is that the Weyl representation of NC operators obeying 
p.ip and (|1.4p keeps the usual form of the Moyal product, and consequently the form of the 
usual NCFT's, although the fields have to be considered as depending not only on x^ but 
also on 0°^^ . The argument is that very accurate measurements of spacetime localization could 
transfer to test particles energies sufficient to create a gravitational field that in principle could 
trap photons. This possibility is related with spacetime uncertainty relations that can be derived 
from (II. ip and (II. 4p as well as from the quantum conditions 



where = i^^^vpaO^'^ and Ap is the Planck length. 

These operators are seen as acting on a Hilbert space 1-i and this theory implies in extra 
compact dimensions [10] . The use of conditions (jl.Sp in [TTJ [191 [SOI [HI [22l [23] would bring 
trivial consequences, since in those works the relevant results strongly depend on the value 
of 0^, which is taken as a mean with some weigh function W{9). They use in this process 
the celebrated Seiberg-Witten [15] transformations. Of course those authors do not use (jl.Sp . 
since their motivations are not related to quantum gravity but basically with the construction 
of a NCFT which keeps Lorentz invariance. This is a fundamental matter, since there is no 
experimental evidence to assume Lorentz symmetry violation [T6|. Although we will see that 
in this review we are not using twisted symmetries \14\ [25l [26l [27] there is some considerations 
about the ideas and concepts on this twisted subject that we will make in the near future here. 

A nice framework to study aspects on noncommutativity is given by the so called NC quantum 
mechanics (NCQM), due to its simpler approach. There are several interesting works in NCQM 



[5l[28l[29l[30l[ai[Ml[Ml[Ml[35l[Ml[371[Ml[Ml[13 In most of these papers, 



the object of noncommutativity 9^^ (where i,j = 1,2,3), which essentially is the result of the 
commutation of two coordinate operators, is considered as a constant matrix, although this is 
not the general case [H [H [T7l [191 [10] . Considering 9^^ as a constant matrix spoils the Lorentz 
symmetry or correspondingly the rotation symmetry for nonrelativistic theories. In NCQM, 
although time is a commutative parameter, the space coordinates do not commute. However, 
the objects of noncommutativity are not considered as Hilbert space operators. As a consequence 
the corresponding conjugate momenta is not introduced, which, as well known, it is important 
to implement rotation as a dynamical symmetry [35]. As a result, the theories are not invariant 
under rotations. 

In his first paper [l6], R. Amorim promoted an extension of the DFR algebra to a non- 
relativistic QM in the trivial way, but keeping consistency. The objects of noncommutativity 



[x^,r^] = 0. 



(1.4) 





(1.5) 



The Noncommutative Doplicher-Fredenhagen-Roberts-Amorim Space 



5 



were considered as true operators and their conjugate momenta were introduced. This permits 
to display a complete and consistent algebra among the Hilbert space operators and to construct 
generalized angular momentum operators, obeying the SO{D) algebra, and in a dynamical way, 
acting properly in all the sectors of the Hilbert space. If this is not accomplished, some funda- 
mental objects usually employed in the literature, as the shifted coordinate operator (see (|2.10p ). 
fail to properly transform under rotations. The symmetry is implemented not in a mere alge- 
braic way, where the transformations are based on the indices structure of the variables, but it 
comes dynamically from the consistent action of an operator, as discussed in [45]. This new NC 
space has ten dimensions and now is known as the Doplicher-Predenhagen-Roberts-Amorim 
(DFRA) space. Prom now on we will review the details of this new NC space and describe the 
recent applications published in the literature. 

We will see in this review that a consistent classical mechanics formulation can be shown 
in such a way that, under quantization, it gives a NC quantum theory with interesting new 
features. The Dirac formalism for constrained Hamiltonian systems is strongly used, and the 
object of noncommutativity 6^^ plays a fundamental role as an independent quantity. The 
presented classical theory, as its quantum counterpart, is naturally invariant under the rotation 
group SO{D). 

The organization of this work is: in Section[2]we describe the mathematical details of this new 
NC space. After this we describe the NC Hilbert space and construct an harmonic oscillator 
model for this new space. In Section [3] we explore the DFRA classical mechanics and treat 
the question of Dirac's formalism. The symmetries and the details of the extended Poincare 
symmetry group are explained in Section |H In this very section we also explore the relativistic 
features of DFRA space and construct the Klein-Gordon equation together with the Noether's 
formalism. In Section [5] we analyzed the issue about the fermions in this new structure and 
we study the Dirac equation. Finally, in Section [6] we complete the review considering the 
elaboration of complex scalar fields and the source term analysis of quantum field theories. 

2 The noncommutative quantum mechanics 

In this section we will introduce the complete extension of the DPR space formulated by 
R. Amorim |46t Wl\ SHJ H9| [50] where a minimal extension of the DPR is accomplished through 
the introduction of the canonical conjugate momenta to the variable 9^'^ of the system. 

In the last section we talked about the DPR space, its physical motivations and main math- 
ematical ingredients. Concerning now the DFRA space, we continue to furnish its "missing 
parts" and naturally its implications in quantum mechanics. 

2.1 The Doplicher—Predenhagen— Roberts— Amorim space 

The results appearing in [T7] motivated some other authors [201 1211 [22l [191 123] • Some of them 
prefer to start from the beginning by adopting the Doplicher, Predenhagen and Roberts (DPR) 
algebra [10], which essentially assumes (II. ip as well as the vanishing of the triple commutator 
among the coordinate operators. 



and it is easy to realize that this relation constitute a constraint in a NC spacetime. Notice that 
the commutator inside the triple one is not a c-number. 

The DPR algebra is based on principles imported from general relativity (GR) and quantum 
mechanics (QM). In addition to (II. ID it also assumes that 



[x^[x^x'']] = o, 



(2.1) 



[x/^,r^] = 0, 



(2.2) 
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and we consider that space has arbitrary D > 2 dimensions. As usual x'^ and pi^, where i,j = 
1,2, . . . , D and fi, v = 0,1, . . . , D, represent the position operator and its conjugate momentum. 
The NC variable 6^'^ represent the noncommutativity operator, but now 7r^,y is its conjugate 
momentum. In accordance with the discussion above, it follows the algebra 

[x^p.]=i5^;, (2.3a) 

[r^^,;,] = iC/3> (2-3b) 

where (5^^^ = — ^^5'^. The relation (II. ID here in a space with D dimensions, for example, 
can be written as 

[x',xJ] = and [pi,Pi]=0 (2.4) 

and together with the triple commutator ()2.ip condition of the standard spacetime, i.e., 

[x^,r°] = 0. (2.5) 
This implies that 

[r^r'^] = o, (2.6) 

and this completes the DFR algebra. 

Recently, in order to obtain consistency R. Amorim introduced |46j . as we talked above, the 
canonical conjugate momenta ir^i, such that, 

[p^,r"] = 0, [P;„7r,,]=0. (2.7) 

The Jacobi identity formed by the operators x*, x-' and n^i leads to the nontrivial relation 

[[x^7^,^],x^ - [[x^v^„;3],x^] = -5^^^. (2.8) 

The solution, unless trivial terms, is given by 



It is simple to verify that the whole set of commutation relations listed above is indeed consistent 
under all possible Jacobi identities. Expression (j2.9|) suggests the shifted coordinate operator 

[291 EH [Ml Eg |42] 

= x^ + ^O^'^Pu (2.10) 

that commutes with tt^i. Actually, (j2.10p also commutes with 0^'' and X-', and satisfies a non 
trivial commutation relation with pj depending objects, which could be derived from 

[X'',p,] = i5^ (2.11) 

and 

[X'',X''] = 0. (2.12) 
To construct a DFRA algebra in (x, 0) space, we can write 
^ x'^p'^ - X^p^ - e^'^vr/ + e^^TT/, 
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where M'^'^ is the antisymmetric generator of the Lorentz- group. To construct vr^^ we have 
to obey equations ()2.3bp and (|2.9|) . obviously. Prom (|2.3a|) we can write the generators of 
translations as 

= -idf,. 

With these ingredients it is easy to construct the commutation relations 

[P^,P,] = 0, [M^.,Pp] = -i{ri^uPp-ri^pPu), 

[M^^, Mp„] = -i{r]fj,pM„^ - rjf.^M^p - rj^pM^^ - rj^^Mpp), 

and we can say that and M^^, are the generator of the DFRA algebra. These relations are 
important, as we will see in Section [5l because they are essential for the extension of the Dirac 
equation to the extended DFRA configuration space {x,9). It can be shown that the Clifford 
algebra structure generated by the 10 generalized Dirac matrices F (Section [5]) relies on these 
relations. 

Now we need to remember some basics in quantum mechanics. In order to introduce a con- 
tinuous basis for a general Hilbert space, with the aid of the above commutation relations, it 
is necessary firstly to find a maximal set of commuting operators. For instance, let us choose 
a momentum basis formed by the eigenvectors of p and vr. A coordinate basis formed by the 
eigenvectors of (X, 9) can also be introduced, among other possibilities. We observe here that it 
is in no way possible to form a basis involving more than one component of the original position 
operator x, since their components do not commute. 

To clarify, let us display the fundamental relations involving those basis, namely eigenvalue, 
orthogonality and completeness relations 

x.'\x',9') = x''\x',9'), 9'^\x',e') = e''^\x',e'), 

Pi|p',7r') =p'.|p',7r'), 7rij|p',7r') = 7r',y|p', tt'), 
{X', 9'\X", 9") = 5^{X' - X")5^^^ {9' - 9"), 
{p'y\p"y') = 6^{p'-p")5^y - vr"), 

j d^X'd^^^9'\X',9'){X',9'\ = 1, (2.13) 
J d^p'd^^Tr'\p',Tr'){p',7r'\ = 1, (2.14) 

notice that the dimension D means that we live in a framework formed by the spatial coordi- 
nates and by the 9 coordinates, namely, D includes both spaces, D = (spatial coordinates +6 
coordinates). It can be seen clearly from the equations involving the delta functions and the 
integrals equations (j2.13p and ()2.14p . 

Representations of the operators in those bases can be obtained in an usual way. For instance, 
the commutation relations given by equations (|2.3p to (|2.1ip and the eigenvalue relations above, 
unless trivial terms, give 

{X',9'\p,\X",e") = -i^S^'iX' - X")5^{9' - 9") 

and 

(X',0'|vr,,|X",O = -i5''{X'-X")4i^5^{9'-9"). 
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The transformations from one basis to the other one are carried out by extended Fourier trans- 
forms. Related with these transformations is the "plane wave" 

{X\ e'\p", tt") = N eMip'X' + i7r"e'), 

where internal products are represented in a compact manner. For instance, 

p"X' + 7r"9'=p'!X'' + l7r'/^0"'. 

2 ■' 

Before discussing any dynamics, it seems interesting to study the generators of the group 
of rotations SO{D). Without considering the spin sector, we realize that the usual angular 
momentum operator 

F = x^p-'' - x^p* 

does not close in an algebra due to (|2.4p . And we have that, 

[F, 1*^'] = i^^'i^j - i5H''' - i6'H^^ + i6^H^' - iO'^p'^p^ + io^^p^p' + ie^'^p^p^ - io^'^p^p' 

and so their components can not be SO{D) generators in this extended Hilbert space. On the 
contrary, the operator 

= x*pJ' - l^>p\ (2.15) 

closes in the SO{D) algebra. However, to properly act in the {6, tt) sector, it has to be generalized 
to the total angular momentum operator 

jij ^ _ gil^^j ^ Qjl^^i^ (2.16) 

It is easy to see that not only 

[j^i, jfc'] = iS'^ji^i - iS^^jf^i - iS'f'J^^ + i6^''J^\ (2.17) 
but J*-' generates rotations in all Hilbert space sectors. Actually 

SO'^ = ^eki[9'^,j'''] = e'^i + eiH\, 5^'^ = ^efc,[7r'^ = e^'^vr/ + e^^7:\ (2.18) 

have the expected form. The same occurs with 

X* = _ l^Up. =^ = ^6fci[x\ J^'] = e^^xfc. 

Observe that in the usual NCQM prescription, where the objects of noncommutativity are pa- 
rameters or where the angular momentum operator has not been generalized, X fails to transform 
as a vector operator under SO{D) [291 [311 [381 [39l US] • The consistence of transformations (j2.18p 
comes from the fact that they are generated through the action of a symmetry operator and not 
from operations based on the index structure of those variables. 

We would like to mention that in D = 2 the operator J*-' reduces to L*-', in accordance 
with the fact that in this case 9 or tt has only one independent component. In D = 3, it 
is possible to represent or vr by three vectors and both parts of the angular momentum 
operator have the same kind of structure, and so the same spectrum. An unexpected addition 
of angular momentum potentially arises, although the {9, tt) sector can live in a J = Hilbert 
subspace. Unitary rotations are generated by U{u}) = exp{—iuj ■ J), while unitary translations, 
by r(A, H) = exp(— iA ■ p — iE ■ tt). 
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2.2 The noncommutative harmonic oscillator 

In this section we will consider the isotropic D-dimensional harmonic oscillator where we find 
several possibilities of rotational invariant Hamiltonians which present the proper commutative 
limit |3H [32l [39\ HQ] . The well known expression representing the harmonic oscillator can be 
written as 

since X* commutes with X-^, satisfies the canonical relation (j2.1ip and in the DFRA formalism 
transforms according to (I2.18p . With these results we can construct annihilation and creation 
operators in the usual way, 



A^ = A/^fx^ + — 1 and A^^ = ,^(x^-^ 
\ 2 \ moj) S 2 \ moj 

where A* and A^^* satisfy the usual harmonic oscillator algebra, and Hg can be written in terms 
of the sum of D number operators N* = A^*A*, which have the same spectrum and the same 
degeneracies when compared with the ordinary QM case |51j . 

The {9, it) sector, however, is not modified by any new dynamics if Hq represents the total 
Hamiltonian. As the harmonic oscillator describes a system near an equilibrium configuration, 
it seems interesting as well to add to (|2.19p a new term like 

1 AO^ 

He = J-TT^ + (2.20) 
2A 2 ' ^ ^ 

where A is a parameter with dimension of (length) and Q is some frequency. Both Hamil- 
tonians, equations (j2.19p and (j2.20p . can be simultaneously diagonalized, since they commute. 
Hence, the total Hamiltonian eigenstates will be formed by the direct product of the Hamiltonian 
eigenstates of each sector. 

The annihilation and creation operators, considering the {6, n) sector, are respectively defined 

as 



J^^ = J^(e'^^ + !^ and A^^^ = J^(e^^ 



2 \ An J \ 2 \ An 

which satisfy the oscillator algebra 

and now we can construct eigenstates of Hg, equation (I2.20j) . associated with quantum num- 
bers n*-'. As well known, the ground state is annihilated by A*-^, and its corresponding wave 
function, in the {6,7t) sector, is 



{9'\n'^ = 0,t) = { ^) ' exp 



exp 



-iD(D - 1& 
4 



(2.21) 



However, turning to the basics, the wave functions for excited states can be obtained through 
the application of the creation operator A^^''' on the fundamental state. On the other hand, we 
expect that n might be so big that only the fundamental level of this generalized oscillator could 
be occupied. This will generate only a shift in the oscillator spectrum, which is AE = n 
and this new vacuum energy could generate unexpected behaviors. 

Another point related with (j2.2ip is that it gives a natural way for introducing the weight 
function W{9) which appears, in the context of NCFT's, in \n\ 119] , W{9) is a normalized 
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function necessary, for example, to control the ^-integration. Analyzing the {9, vr) sector, the 
expectation value of any function f{9) over the fundamental state is 



(/(0)) = (n^' = O,t|/(0)K 



kl 



vr 



0,t) 

D(D-l) , 

d^^e'f{e') exp 



where 



w{e') = 



D(D-l) 

AQ\^^ 

exp 

vr J 



m 

2 ' 



and the expectation values are given by 

1 
2 

where 



(1) = 1, 



{0'') = 0, 



AO 



-D(D-l) , 

d^^e'w{e')f{e'), 



D{D - 1 



(2.22) 



2An 



and now we can calculate the expectation values for the physical coordinate operators. As one 
can verify, (x*) = (X*) = 0, but one can find non trivial noncommutativity contributions to the 
expectation values for other operators. For instance, it is easy to see from ()2.22p and (j2.10p that 

(x^) = (X^) + ^(0(p^), 

where (X^) and (p^) are the usual QM results for an isotropic oscillator in a given state. 
This shows that noncommutativity enlarges the root-mean-square deviation for the physical 
coordinate operator, as expected and can be measurable, at first sight. 



3 Tensor coordinates in noncommutative mechanics 

All the operators introduced until now belong to the same algebra and are equal, hierarchically 
speaking. The necessity of a rotation invariance under the group SO{D) is a consequence of this 
augmented Hilbert space. Rotation invariance, in a nonrelativistic theory, is the main topic if 
one intends to describe any physical system in a consistent way. 

In NCFT's it is possible to achieve the corresponding SO{D, 1) invariance also by promo- 
ting 9^^'^ from a constant matrix to a tensor operator [T71 [TSl [IB [501 ED E21 EH] , although in this 
last situation the rules are quite different from those found in NCQM, since in a quantum field 
theory the relevant operators are not coordinates but fields. 

Now that we got acquainted with the new proposed version of NCQM [36] where the 9^^ 
are tensors in Hilbert space and vr^j are their conjugate canonical momenta, we will show in 
this section that a possible fundamental classical theory, under quantization, can reproduce the 
algebraic structure depicted in the last section. 

The Dirac formalism j52j for constrained Hamiltonian systems is extensively used for this 
purpose. As it is well known, when a theory presents a complete set of second-class constraints 

= 0, a = 1, 2, . . . ,2A^, the Poisson brackets {A, B} between any two phase space quanti- 
ties A, B must be replaced by Dirac brackets 

{A, B}d = {A B} - {A H"}A;,HS^ B}, (3.1) 

such that the evolution of the system respects the constraint surface given by = 0. 
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In n 

A"^ = {E^,E''} (3.2) 

is the so-cahed constraint matrix and A"^^ is its inverse. The fact that the constraints are 
second-class guarantees the existence of A'*^. If that matrix were singular, linear combinations 
of the could be first class. For the first situation, the number of effective degrees of freedom 
of the theory is given by 2T> —2N, where 21) is the number of phase space variables and 2N is 
the number of second-class constraints. 

If the phase space is described only by the 

2D = 2D + 2°'°-^) 
2 

variables , pi, 6'^^ and vTjj , the introduction of second-class constraints generates an over con- 
strained theory when compared with the algebraic structure given in the last section. Conse- 
quently, it seems necessary to enlarge the phase space by 2N variables, and to introduce at 
the same time 2N second-class constraints. An easy way to implement these concepts without 
destroying the symmetry under rotations is to enlarge the phase space introducing a pair of 
canonical variables Z*, Ki, also with (at the same time) a set of second-class constraints 

Considering this set of phase space variables, it follows by construction the fundamental (non 
vanishing) Poisson bracket structure 

{x\pj} = 6'^, {e'^,7rM} = S'\i, {Z\Kj} = 5i (3.3) 

and the Dirac brackets structure is derived in accordance with the form of the second-class 
constraints, subject that will be discussed in what follows. 

Let us assume that has dimension of length L, as x*. This implies that both pi and Ki have 
dimension of L~^. As 9^^ and iTij have dimensions of and respectively, the expression 
for the constraints ^* and $i is given by 

= + ax' + pe'^pj + -lO'^Kj 

and 

= Ki + ppi + aTTijX^ + \7rijZ\ 

if only dimensionless parameters a, /3, 7, p, a and A are introduced and any power higher than 
two in phase space variables is discarded. It is possible to display the whole group of parameters 
during the computation of the Dirac formalism. After that, at the end of the calculations, the 
parameters have been chosen in order to generate, under quantization, the commutator structure 
appearing in equations (12. 3p to (12. 9p . The constraints reduce, in this situation, to 

^^ = Z'-^0ijp.^ ^, = Ki-p, (3.4) 



and hence the corresponding constraint matrix (j3.2p becomes 



(A-)H {! •! ! 1 )• (3.5) 



Notice that (|3.5p is regular even if 6^^ is singular. This fact guarantees that the proper commu- 
tative limit of the theory can be taken. 
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The inverse of (j3.5p is trivially given by 

and it is easy to see that the non-zero Dirac brackets (the others are zero) involving only the 
original set of phase space variables are 

{x\pj}D = S], {X\ X^}d = e'^, {e'^,7T,i}D = 5%i, 

{x\ttm}d = -^S'liPj, (3.6) 

which furnish the desired result. If represents phase space variables and y"^ the corresponding 
Hilbert space operators, the Dirac quantization procedure, 

results the commutators in (j2.3p until (|2.9p . For completeness, the remaining non-zero Dirac 
brackets involving and Ki are 

{Z\x^}n = -\b'K {Ki,x^}D = -dj, {Z\7T,i}n = (3-7) 
In this classical theory the shifted coordinate 
X' = x^ + ^0Sj, 

which corresponds to the operator (j2.10p . also plays a fundamental role. As can be verified by 
the non-zero Dirac brackets just below, 

= jj, {x\x^}j, = h'^, {x\z^}d = -\e'^. {X\K,}d = 6}, 

and the angular momentum tensor 

J^j ^ xy - X^' - O'^tt/ + e^^TTi' (3.8) 
closes in the classical SO{D) algebra, by using Dirac brackets instead of commutators. In fact 

and as in the quantum case, the proper symmetry transformations over all the phase space 
variables are generated by (j3.8p . Beginning with 

SA = -^eki{A,J>''}D, 
one have result that 

6X' = e'jX\ 6x' = e'jX^, 5pi = e/pj, 59'^ = e\e^^ + e\e''' , 

Stt.j = e.'^TTkj + e/vTifc, 6Z' = ^e*/^'V, = e/pj. 

The last two equations above also furnish the proper result on the constraint surface. Hence, 
it was possible to generate all the desired structure displayed in the last section by using the 
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Dirac brackets and the constraints given in (j3.4p . These constraints, as weh as the fundamental 
Poisson brackets in (|3.3|) . can be easily generated by the first order action 



S = J dtLpo, (3.9) 

where 

Lpo = P- x + K ■ Z + ir ■ e - XaE" - H. (3.10) 

The 2D quantities are the Lagrange multipliers introduced conveniently to implement the 
constraints = given by (|3.4|) . and H is some Hamiltonian. The dots "•" between phase space 
coordinates represent internal products. The canonical conjugate momenta for the Lagrange 
multipliers are primary constraints that, when conserved, generate the secondary constraints 

= 0. Since these last constraints are second class, they are automatically conserved by the 
theory, and the Lagrange multipliers are determined in the process. 

The general expression for the first-order Lagrangian in (j3.10p shows the constraints imple- 
mentation in this enlarged space, which is a trivial result, analogous to the standard procedure 
through the Lagrange multipliers. To obtain a more illuminating second-order Lagrangian we 
must follow the basic pattern and with the help of the Hamiltonian, integrate out the momentum 
variables in (13.10p . 

As we explained in the last section, besides the introduction of the referred algebraic struc- 
ture, a specific Hamiltonian has been furnished, representing a generalized isotropic harmonic 
oscillator, which contemplates with dynamics not only the usual vectorial coordinates but also 
the noncommutativity sector spanned by the tensor quantities 6 and vr. The corresponding 
classical Hamiltonian can be written as 

1 9 mUj"^ 9 1 9 Ail^ „9 

H = + X^ + —TT^ + 6l^ 3.11 

2m^ 2 2A 2 ' ^ ' 

which is invariant under rotations. In (13.110 m is a mass, A is a parameter with dimension 
of L~^, and u and Q are frequencies. Other choices for the Hamiltonian can be done without 
spoiling the algebraic structure discussed above. 

The classical system given by ()3.9p . ()3.10p and (13. lip represents two independent isotropic 
oscillators in D and ^^'^ dimensions, expressed in terms of variables X^, pi, 9^^ and vTjj. The 
solution is elementary, but when one expresses the oscillators in terms of physical variables x*. 
Pi, 0"^^ and TTjj, an interaction appears between them, with cumbersome equations of motion. 
In this sense the former set of variables gives, in the phase space, the normal coordinates that 
decouple both oscillators. 

It was possible to generate a Dirac brackets algebraic structure that, when quantized, re- 
produce exactly the commutator algebra appearing in the last section. The presented theory 
has been proved to be invariant under the action of the rotation group SO(-D) and could be 
derived through a variational principle. Once this structure has been given, it is not difficult 
to construct a relativistic generalization of such a model. The fundamental Poisson brackets 
become 

{x^p,} = 5^, {O^^TT,^} = 5^';^, {Zf^,K,} = <5^, 
and the constraints ()3.4p are generalized to 
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generating the invertible constraint matrix 

f.ab. ^ ( {^^<^>n \ ^ r/^M 

To finish we can say that the Dirac brackets between the phase space variables can also be 
generalized from (j3.6p . (j3.7p . The Hamiltonian of course cannot be given by ()3.1ip . but at 
least for the free particle, it vanishes identically, as it is usual to appear with covariant classical 
systems [52]. Also it is necessary for a new constraint, which must be first class, to generate the 
reparametrization transformations. In a minimal extension of the usual commutative case, it is 
given by the mass shell condition 

X = P + "I =0, 

but other choices are possible, furnishing dynamics to the noncommutativity sector or enlarging 
the symmetry content of the relativistic action. 



4 Dynamical symmetries in NC theories 

In this section we will analyze the dynamical spacetime symmetries in NC relativistic theories by 
using the DFRA algebra depicted in Section [2j As explained there, the formalism is constructed 
in an extended spacetime with independent degrees of freedom associated with the object of 
noncommutativity 9^^'^ . In this framework we can consider theories that are invariant under 
the Poincare group V or under its extension 7", when translations in the extra dimensions are 
allowed. The Noether formalism adapted to such extended x + 9 spacetime will be employed. 

We will study the algebraic structure of the generalized coordinate operators and their con- 
jugate momenta, and construct the appropriate representations for the generators of V and V' , 
as well as for the associated Casimir operators. Next, some possible NCQM actions constructed 
with those Casimir operators will be introduced and after that we will investigate the symmetry 
content of one of those theories by using Noether's procedure. 



4.1 Coordinate operators and their transformations in relativistic NCQM 

In the usual formulations of NCQM, interpreted here as relativistic theories, the coordinates x'^ 
and their conjugate momenta are operators acting in a Hilbert space Ti satisfying the fun- 
damental commutation relations given in Section [21 we can define the operator 

Gi = ^a;^.L^^ 

Note that, analogously to (j2.18p . it is possible to dynamically generate infinitesimal transfor- 
mations on any operator A, following the usual rule 6A = i[A, Gi]. For X'^, and h^'^, given 
in (j2.10p and (j2.15p . with spacetime coordinates, we have the following results 

However, the physical coordinates fail to transform in the appropriate way. As can be seen, the 
same rule applied on x'^ gives the result 

6^^^ = a;^ (^x- + ^r-p.) - \9^^''u;,,p'>, (4.1) 

which is a consequence of 9'^'"'^ not being transformed. Relation (j4.ip probably will break Lorentz 
symmetry in any reasonable theory. The cure for these problems can be obtained by conside- 
ring 9^'^ as an operator in 7i, and introducing its canonical momentum vr^j^ as well. The price 
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to be paid is that 0^'^ wih have to be associated with extra dimensions, as happens with the 
formulations appearing in [T71 flBj flUI [2U1 [25] . 

Moreover, we have that the commutation relation 

[x^vr,.] = -^57,P. (4.2) 

is necessary for algebraic consistency under Jacobi identities. The set (|4.2p completes the algebra 
displayed in Section [21 namely, the DFRA algebra. With this algebra in mind, we can generalize 
the expression for the total angular momentum, equations (j2.16p and (|2.17p . 
The framework constructed above permits consistently to write [25] 

and consider this object as the generator of the Lorentz group, since it not only closes in the 
appropriate algebra 

[M^^, M^'^] = irj^'^MP" - irj'"'MP>' - irji'PM'"' + irj^PM"'', (4.4) 

but it generates the expected Lorentz transformations on the Hilbert space operators. Actually, 
for 6A = i[A, G2], with G2 = ^co^uMf^, we have that, 

Jvr^, = u/TTp, + uj/tt^p, SM^" = co^MP'^ + u^M^p, (4.5) 

which in principle should guarantee the Lorentz invariance of a consistent theory. We observe 
that this construction is possible because of the introduction of the canonical pair 6^''^ , vr^i, 
as independent variables. This pair allows the building of an object like M^''' in (j4.3p . which 
generates the transformations given just above dynamically [45] and not merely by taking into 
account the algebraic index content of the variables. 

From the symmetry structure given above, we realize that actually the Lorentz generator ()4.3p 
can be written as the sum of two commuting objects, 

M^'^ = + Mf , 

where 

M^'' = X^p'^ - X^p^ and = -QP^tt^ + O'^'TrP, 

as in the usual addition of angular momenta. Of course both operators have to satisfy the Lorentz 
algebra. It is possible to find convenient representations that reproduce (|4.5p . In the sector T-Li 
oi 7i = Hi (8) ^-2 associated with (X,p), it can be used the usual 4x4 matrix representation 
Di{A) = (A^a), such that, for instance 

X'^ = A'^^X^ 

For the sector of T-L2 relative to {9,ir), it is possible to use the 6x6 antisymmetric product 
representation 

such that, for instance, 
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The complete representation is given hy D = Di ®D2. In the infinitesimal case, K^u = 6u +i^^v, 
and (|4.5|) are reproduced. There are four Casimir invariant operators in this context and they 
are given by 

Gil = M/^M,^^ and C,^ = e^.^.M/'^M/^ 

where j = 1, 2. We note that although the target space has 10 = 4+6 dimensions, the symmetry 
group has only 6 independent parameters and not the 45 independent parameters of the Lorentz 
group in D = 10. As we said before, this Z) = 10 spacetime comprises the four spacetime 
coordinates and the six coordinates. In Section [6] the structure of this extended space will 
become clearer. 

Analyzing the Lorentz symmetry in NCQM following the lines above, once we introduce 
an appropriate theory, for instance, given by a scalar action. We know, however, that the 
elementary particles are classified according to the eigenvalues of the Casimir operators of the 
inhomogeneous Lorentz group. Hence, let us extend this approach to the Poincare group V. By 
considering the operators presented here, we can in principle consider 

as the generator of some group V\ which has the Poincare group as a subgroup. By following 
the same rule as the one used in the obtainment of (|4.5p . with G2 replaced by G3, we arrive at 
the set of transformations 

Jvr^, = + ^/vr^^, JMf = u;^^Mf + ^%Mf + a^p'^ - a'^p^ 

JMf = w'^^Mf + u:%m2^'P + ¥'Ptt/ + 6'^%'^^, = w^^x^ + a^^ + ^fe^'^P^- (4.6) 

We observe that there is an unexpected term in the last one of ()4.6p system. This is a consequence 
of the coordinate operator in (12.10p . which is a nonlinear combination of operators that act on T-Li 
and 'H2- 

The action of V' over the Hilbert space operators is in some sense equal to the action of the 
Poincare group with an additional translation operation on the (6^^'^) sector. All its generators 
close in an algebra under commutation, so V' is a well defined group of transformations. As 
a matter of fact, the commutation of two transformations closes in the algebra 

[<52,<5i]y = 53y, (4.7) 

where y represents any one of the operators appearing in (j4.6p . The parameters composition 
rule is given by 

hT = ^t/2 - - + ^2,bT- (4.8) 

If we consider the operators acting only on Tii, we verify that they transform standardly 
under the Poincare group V in D = A, whose generators are p'^ and M^'^. As it is well known, 
it is formed by the semidirect product between the Lorentz group L in D = 4 and the trans- 
lation group T4, and have two Casimir invariant operators Ci = p^ and C2 = s^, where 

= ^e^iypa^i^p'^ is the Pauli-Lubanski vector. If we include in Mi terms associated with 
spin, we will keep the usual classification of the elementary particles based on those invariants. 
A representation for V can be given by the 5x5 matrix 

A^ 



D3{A,A) -- 
acting in the 5-dimensional vector {^^)- 



1 
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Considering the operators acting on H2, we find a similar structure. Let us cah the cor- 
responding symmetry group as G. It has as generators the operators n'^'^ and As one 
can verify, C3 = tt^ and C4 = Mg^^vr^i/ are the corresponding Casimir operators. G can be 
seen as the semidirect product of the Lorentz group and the translation group Tq. A possible 
representation uses the antisymmetric 6x6 representation -D2(A) already discussed, and is given 
by the 7x7 matrix 



A group element needs 6 + 4 + 6 parameters to be determined and V' is a subgroup of the 
full Poincare group Pio in D = 10. Observe that an element of Vio needs 55 parameters to 
be specified. Here, in the infinitesimal case, when A goes to a, B goes to b and A^u goes to 
6u + oj^u, the transformations (14. Gh are obtained from the action of (14. 9p defined above. It is 
clear that Ci, C2, C3 and C4 are the Casimir operators of T" . 

So far we have been considering a possible algebraic structure among operators in Ti and 
possible sets of transformations for these operators. The choice of an specific theory, however, 
will give the mandatory criterion for selecting among these sets of transformations, the one 
that gives the dynamical symmetries of the action. If the considered theory is not invariant 
under the 6 translations, but it is by Lorentz transformations and x translations, the set of the 
symmetry transformations on the generalized coordinates will be given by (j4.6p but effectively 
considering as vanishing, which implies that P' , with this condition, is dynamically con- 
tracted to the Poincare group. Observe, however, that vr^jy will be yet a relevant operator, 
since M^^, depends on it in the representation here adopted. An important point related with 
the dynamical action of V is that it conserves the quantum conditions (jl.5p . 

Now we will consider some points concerning some actions which furnish models for a re- 
lativistic NCQM in order to derive their equations of motion and to display their symmetry 
content. 

4.2 Actions 

As discussed in the previous section, in NCQM the physical coordinates do not commute and 
their eigenvectors can not be used in order to form a basis in 7i = Tii + 'H2- This does not 
occur with the shifted coordinate operator X'^ due to ()2.5p . (12. 6p and (I2.12p . Consequently their 
eigenvectors can be used in the construction of such a basis. Generalizing what has been done 
in [46], it is possible to introduce a coordinate basis \X' , 6') = \X') ® \9') in such a way that 





is just the 




(4.9) 



acting in the 11-dimensional column vector 




e'"'\x',e') = e'^''\x',e') 



(4.10) 
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satisfying usual orthonormality and completeness relations. In this basis 

{x',e'\p,\x",e") = -i^6\x' - x")5^{e' - e") (4.11) 



and 

d_ 
' 89' 



{X', e'\nf,^\x", e") = -i6^{x' - x")^^6^{e' - e") (4.12) 



implying that both momenta acquire a derivative realization. 

A physical state in the coordinate basis defined above, will be represented by the wave 
function (f){X',9') = {X' ,9'\(f)) satisfying some wave equation that we assume that can be de- 
rived from an action, through a variational principle. As it is well known, a direct route for 
constructing an ordinary relativistic free quantum theory is to impose that the physical states 
are annihilated by the mass shell condition 

(p^ + m2)|</.) = (4.13) 

constructed with the Casimir operator Ci = p^. In the coordinate representation, this gives 
the Klein-Gordon equation. The same result is obtained from the quantization of the classical 
relativistic particle, whose action is invariant under reparametrization [52] . There the generator 
of the reparametrization symmetry is the constraint (p^ + m^) ~ 0. Condition (j4.13p is then 
interpreted as the one that selects the physical states, that must be invariant under gauge 
(reparametrization) transformations. In the NC case, besides ()4.13p . it is reasonable to assume 
as well that the second condition 

(7r2 + A)|0)=O (4.14) 

must be imposed on the physical states, since it is also an invariant, and it is not affected by the 
evolution generated by (I4.13p . It can be shown that in the underlying classical theory [53], this 
condition is also associated with a first-class constraint, which generates gauge transformations, 
and so (|4.14p can also be seen as selecting gauge invariant states. In ()4.14p . A is some constant 
with dimension of M^, whose sign and value depend if vr is space- like, time- like or null. Both 
equations permit to construct a generalized plane wave solution 

^{X',9') ^ {X\9'\ct>) ~ exp l^k^X'^ + '-K^,9'^'' 

where k"^ + = and + A = 0. In coordinate representation given by equations (j4.10p - 
()4.12p . the equation (I4.13P gives just the Klein-Gordon equation 

(□x-m2)0(X',^') = O 

while (I4.14P gives the supplementary equation 

(□,-A)0(X',0') = 0, (4.15) 

where 

□x = d^'d^, (4.16) 



with 
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Also 



(4.18) 



with 



5, 



d 



(4.19) 



Both equations can be derived from the action 




(4.20) 



In (j4.2Up A is a Lagrange multipHer necessary to impose condition (j4.15p . n{9') can be seen as 
a simple constant to keep the usual dimensions of the fields as S must be dimensionless in 
natural units, as an even weight function as the one appearing in [171 [ISl 113 EOl [521 ES] used 
to make the connection between the formalism in D = 4 + 6 and the usual one in D = 4 after the 
integration in 0', or a distribution used to impose further conditions as those appearing in (II. Sh 
and adopted in [TO] . 

A model not involving Lagrangian multipliers, but two of the Casimir operators of 7-"', Ci = 
and C3 = TT^, is given by 



where A is a parameter with dimension of length, as the Planck length, which has to be in- 
troduced by dimensional reasons. If it goes to zero one essentially obtains the Klein-Gordon 
action. Although, the Lorentz-invariant weight function ^{0) does not exist we can keep it 
temporally in some integrals in order to guarantee explicitly their existence. By borrowing the 
Dirac matrices Fa, A = 0, 1, . . . , 9, written for spacetime D = 10, and identifying the tensor 
indices with the six last values of A, it is also possible to construct the "square root" of the 
equation of motion derived from (I4.20p . obtaining a generalized Dirac theory involving spin and 
noncommutativity [53]. It is an object of current investigation. 

Next we will construct the equations of motion and analyze the Noether's theorem derived 
for general theories defined m. x + 6 space, and specifically for the action (j4.20p . considering 
^{9) as a well behaved function. 

4.3 Equations of motion and Noether's theorem 

Let us consider the action 



relying on a set of fields the derivatives with respect to and O^^'^ and the coordinates x'^ 
and 9^^ themselves. From now on we will use x in place of X' and 9 in place of 9' in order 
to simplify the notation. Naturally the fields can be functions of x^ and 9^^^^ . The index i 
permits to treat (j) m. a, general way. In ()4.22p we consider, as in (I4.20p . the integration element 
modified by the introduction of 0(6*). 

By assuming that S is stationary for an arbitrary variation 50* vanishing on the boundary 
dR of the region of integration i2, we can write the Euler-Lagrange equation as 




(4.21) 




(4.22) 




(4.23) 
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We will treat the variations 5x^, 69^^ of the generalized coordinates and 5(jf of the fields such that 
the integrand transforms as a total divergence in the x+6 space, (5(0 C) = d^{Q S^)+df^,u{^ S^'^). 
Then the Noether's theorem assures that, on shell, or when (j4.23p is satisfied, there is a conserved 
current defined by 

such that 

H = a^(j7j^) + a^,(f]i^-) (4.25) 

vanishes. The corresponding charge 

Q = J d^xd^en{9)f (4.26) 

is independent of the "time" x^. On the contrary, if there exists a conserved current like (j4.24p . 
the action (|4.22p is invariant under the corresponding symmetry transformations. This is just 
a trivial extension of the usual version of Noether's theorem [35] in order to include 6^'^ as 
independent coordinates, as well as a modified integration element due to the presence of Q{9). 
Notice that Q has not been included in current definition (|4.24p because it is seen as part of 
the element of integration, but it is present in (j4.25p . which is the relevant divergence. It is also 
inside the charge (j4.26p since the charge is an integrated quantity. 

Let us use the equations from ()4.22p until ()4.25p to the simple model given by ()4.2ip . The 
Lagrange equation reads 

0(p 2 
and ()4.25p can be written as 

+ d^, \Q\^^^'''cp5(t> + ^ {d^ct^d'^cp + ^d^pcpd'^^cp + m'ct?^ ^^^^^j . (4.28) 
Before using (j4.28p we observe that the transformation 

5(t> = -(a^ + u'^.xn d^(t> - ^{b^'^' + luj^d^ d^,4> (4.29) 

closes in an algebra, as in (|4.7p . with the same composition rule defined in (j4.8p . The above 
equation defines how a scalar field transforms in the x ^ 9 space under the action of V' . 
Let us now study a rigid x-translation, given by 

8ax^ = a^, .5,^^ = 0, ba4> = -a^d^c\>, (4.30) 

where are constants. We see from (j4.28p and ()4.30p that 



vanishing on shell, when ()4.27p is valid. 
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For a rigid ^-translation, we have that, 

1 
2 

where b^'^ are constants, we can write 



The first term on the right vanishes on sheh but the second one depends on the form of Q. 
Later we wiU comment this point. To end, let us consider a Lorentz transformation, given by 

with constant and antisymmetric uj^v We obtain 

The first term in the above expression vanishes on shell and the second one also vanishes if ^ is 
a scalar under Lorentz transformations and depends only on Q. 

In a complete theory where other contributions for the total action would be present, the 
symmetry under Q translations could be broken by different reasons, as in what follows, in the 
case of the NC C/(l) gauge theory. In this situation V could be the symmetry group of the 
complete theory even considering as a constant. 

4.4 Considerations about the twisted Poincare symmetry and DFRA space 

The twisted Poincare (TP) algebra describes the symmetry of NC spacetime whose coordinates 
obey the commutation relation of a canonical type like (11. ip . It was suggested [54] as a substitute 
for the Poincare symmetry in field theories on the NC spacetime. In this formalism point of 
view, the Moyal product (|1.2p is obtained as a twisted product of a module algebra of the TP 
algebra. This result shows the TP invariance of the NC field theories. 

This Poincare algebra V for commutative QFT is given by the so-called Lie algebra composed 
by the ten generators of the Poincare group 



[P^, P,] = 0, [M^., Pp] = -i(5/.pP. - Qua^p). 

[M^^, Mp^] = -i(5ppM^<, - g^a^^p - gyp^pa - 5i.aM^p), (4.31) 

where the matrix M is antisymmetric M^jy = — M,y^. The generators M^^, form a closed 
subalgebra, which is the Lie algebra of the Lorentz group. The generators of the Lorentz group 
can be divided into the group for boosts Kj = Moj, the spatial rotations group Jj = ^ejjfcMjfc 
and the generators of translations P^, the last ones form a commutative subalgebra of the 
Poincare algebra (the translation subgroup is Abelian). The presence of the imaginary unit i 
indicates that the generators of the Poincare group are Hermitian. 
The Poincare algebra generators are represented by 

= y d'^xT^pix), A'V = / ^'^^ \^p.TM - XvTqM\ 

where To^(x) = \ \K{x)dp(^{x) + 9p(/>(x)7r(a;)] — g^pLix) and vr = 9o (/> is the canonical momentum 
of ^ . It can be demonstrated that with this structure we can construct the representation of 
the Poincare algebra in terms of the Hopf algebraic structure |551 124j . 
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4.4.1 The twisted Poincare algebra 



During some time, the problem of the Lorentz symmetry breaking was ignored and the investiga- 
tions in NCQFT were performed by dealing with the full representation content of the Poincare 
algebra. 

Chaichian et al. in |27j analyzed a solution to the problem utilizing the form of a twisted 
Poincare symmetry. The introduction of a twist deformation of the universal enveloping algebra 
of the Poincare algebra provided a new symmetry. The representation content of this twisted 
algebra is the same as the representation content of the usual Poincare algebra |54j . 

To obtain the TP algebra we use the standard Poincare algebra and its representation space 
and twist them. For example, in this twisted algebra the energy-momentum tensor is Tq^ is 
given by 



n=0 V / 



-{it -k d^(j){x) + df,(t){x) -k Tr{x)) - g^^C 



where Pj„ are the generators of translation in NCQFT. 

It is important to notice that vr, C and P are elements embedded in a NC space. The 
resulting operators satisfy commutation relations of Poincare algebra (j4.3ip . However, it can 
be shown |55^ |2^ that some identities involving momenta and the Hamiltonian in commutative 
and NCQFT are preserved in a deformed NCQFT. Also, we can use the same Hilbert space to 
represent the field operator for both commutative and deformed NCQFT [551 [M] . The action 
of generators of a Lorentz on a NC field transformation is different from the commutative one. 
And this action has an exponential form in order to give a finite Lorentz transformation. This 
is, in a nutshell, the structure of the Poincare symmetry or of the Hopf algebra represented on 
a deformed NCQFT. The next step is to twist this algebra and its representation space. The 
Poincare algebra V{A) has a subalgebra (commutative) composed by the translation genera- 
tors P,, 



exp ( -Q^^'P^P, 



where Q^^ is a real constant antisymmetric matrix. This twist operator obviously satisfies the 
twist conditions that preserve the Hopf algebra structure 
Explicitly let us write the twist operator such as 



T = exp 



2 dxt' dx^ 



exp 



2 



d 



dx^ 



(4.32) 



where here and are generally defined vector fields on space or spacetime. The twisting 



result is the twisted Poincare algebra. It can be shown |551 [23] that the Poincare covariance 
of a commutative QFT implies the twisted Poincare covariance of a deformed NCQFT. In this 
deformed NCQFT the symmetry is described by a quantum group. 

An unavoidable comparison with the Moyal :*r-product can be made and the conclusion is that 
they are in fact the same NC product of functions. Hence, the NCQFT constructed with Weyl 
quantization and Moyal ★-product possess the twisted Poincare symmetry. We can say that, in 
NC theories, relativistic invariance means invariance under the twisted Poincare transformations. 
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4.4.2 The DFRA analysis 

As we said through the sections above, the DFRA structure constructs an extension of the 
Poincare group V' , which has the Poincare group "P as a subgroup. Then, obviously, the theories 
considered have to be invariant under both V and V' . 

As the considerations described in this section the Poincare algebra V has an Abelian subal- 
gebra which allows us to construct a twist operator J-" depicted in ()4.32p which is an element of 
the quantum group theory. 

We believe that the subalgebra of the extended Poincare algebra V' also permits the elabo- 
ration of a kind of extended twist operator T' . 

This extended twist operator in the DFRA framework has to be able to reproduce the new 
deformed generators. Having the structure displayed in (j4.32p in mind we have to formulate 
this new twist operator adding the {9, vr) sector terms in order to have the form of (j4.32p with 
the twist operator as a special case. The formulation of this DFRA twist operator is beyond the 
scope of this review paper and is a target for further investigations. 

5 Fermions and noncommutative theories 

By using the DFRA framework where the object of noncommutativity 9^^'^ represents indepen- 
dent degrees of freedom, we will explain here the symmetry properties of an extended x + 9 
spacetime, given by the group V' , which has the Poincare group P as a subgroup. In this sec- 
tion we use the DFRA algebra to introduce a generalized Dirac equation, where the fermionic 
field depends not only on the ordinary coordinates but on 9^^ as well. The dynamical symmetry 
content of such fermionic theory will be discussed now and it is shown that its action is invariant 
under V' . 

In the last sections above, we saw that the DFRA algebra implemented, in a NCQM frame- 
worl0, the Poincare invariance as a dynamical symmetry |45j . Of course this represents one 
among several possibilities of incorporating noncommutativity in quantum theories, we saw 
also that not only the coordinates x'^ and their conjugate momenta are operators acting in 
a Hilbert space but also 9^^ and their canonical momenta ir^y are considered as Hilbert space 
operators as well. The proposed DFRA algebra is given by (jl.ip . (j2.2p - (j2.6p and (|2.8p . Where 
all these relations above are consistent with all possible Jacobi identities by construction. 

As said before, an important point is that, due to (jl.ip the operator can not be used to 
label possible basis in However, as the components of commute, we know from QM that 
their eigenvalues can be used for such purpose. To simplify the notation, let us denote by x and 
9 the eigenvalues of X and 9 in what follows. In [47] R. Amorim considered these points with 
some detail and have proposed a way for constructing some actions representing possible field 
theories in this extended x + 9 spacetime. One of such actions has been given by 



where A is a parameter with dimension of length, as the Planck length, which has to be introduced 
by dimensional reasons and 0(0) is a scalar weight function used in [171 [T8| IT9| [20l [21] [22l [23] 
in order to make the connection between the D = A + Q and the D = A formalisms, where we 
used the definitions inequations (j4.16p - (j4.19p and rj^^^ = diag(— 1, 1, 1, 1). 
The corresponding Lagrange equation reads, analogously as in ()4.27p . 




} 



(5.1) 




(5.2) 



^In [46] and [47] it is possible to find a large amount of references concerning NC quantum mechanics. 
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and the action (j5.ip is invariant under the transformation (j4.29p . where il. is considered as 
a constant. If 17 is a scalar function of 9, the above transformation is only a symmetry of (|5.1|) 
(when b^'^ vanishes) which dynamically transforms V' to V [17]. We observe that (j4.29p closes in 
an algebra, as in (j4.7p . with the same composition rule defined in (j4.8p . That equation defines 
how a scalar field transforms in the x -\- 9 space under the action of V' . 

In what follows we are going to show how to introduce fermions in this x + 9 extended space. 
To reach this goal, let us first observe that V is a subgroup of the Poincare group Vio in 
D = 10. Denoting the indices A,B,... as spacetime indices in D = 10, A,B, . . . = 0, 1, . . . , 9, 
a vector would transform under Vio as 

6Y^ = lo^bY"" + A^, 

where the 45 w's and 10 A's are infinitesimal parameters. If one identifies the last six A,B, . . . 
indices with the macro-indices fiiy, ... = 0,1,2,3, considered as antisymmetric quantities, 
the transformation relations given above are rewritten as 

6Y^' = UJ^'^Y^ + + A'^, 5Y^'^ = uj^'\Y'' + ^w'^'^^F"^ + A^^^ 

With this notation, the (diagonal) D = 10 Minkowski metric is rewritten as rj^^ = {rj^'^ , -q^^Pn^^ 
and the ordinary Clifford algebra {r^,r^} = —Ir/^^ as 

{r'^,r"^} = o, {r'^,r'^} = -2r7'^^ {r^'^,?"^} = -2??'^'^'"^. (5.3) 

This is just a heavy way of writing usual D = 10 relations [3]. Now, by identifying Y^ with 
(x^,ir^), where A is some parameter with length dimension, we see from the structure given 
above that the allowed transformations in "P' are those of Vio, submitted to the conditions 

obviously keeping the identification between uj^^ and w^'^ when A = fj, and B = u. Of course 
we have now only 6 independent w's and 10 a's and 6's. With the relations given above it is 
possible to extract the "square root" of the generalized Klein-Gordon equation (j5.2p 

(□ + A2n0-m2)(/) = O (5.4) 

assuming here that is a constant. We will see in the next section with details that this equation 
can be interpreted as a dispersion relation in this D = 4 + 6 spacetime. Hence, this last equation 
furnish just the generalized Dirac equation 



m 



-0 = 0. (5.5) 
Let us apply from the left on (|5.5p the operator 



m 



After using (|5.3p we observe that ijj satisfies the generalized Klein-Gordon equation (|5.4p as 
well. The covariance of the generalized Dirac equation (jS.Sp can also be proved. First we note 
that the operator 
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gives the desired representation for the SO{l,3) generators, because it not only closes in the 
Lorentz algebra (|4.4|) . but also satisfies the commutation relations 



With these relations it is possible to prove that (j5.5|) is indeed covariant under the Lorentz 
transformations given by 



^(x', e') = exp (^--A'^-M^.J 9). 

By considering the complete V' group, we observe that the infinitesimal transformations of ip 
are given by 



6ip 



(5.6) 



which closes in the V' algebra with the same composition rule given by (j4.8p , what can be shown 
after a little algebra. At last we can show that also here there are conserved Noether's currents 
associated with the transformation (j5.6p , once we observe that the equation (j5.5p can be derived 
from the action 



S 



(fx<fevt{e)^ 



m 



(5.7) 



where we are considering that VL = and ij) = il^'^T^. First we note that (suppressing trivial 



6q ^ trivial factors) 



5^S 



A, 



m 



5^S 



4 



i ( r^K + ^r"^^,;3 ) + m 



where L and R derivatives act from the left and right respectively. The current 
analogously as in (|4.24p . is here written as 



J 



where 



(5. 



Sip = —ip 



(5. 



(5'i/' is given in (j5.6p and 5x^ and 56^^ have the same form found in (14. 6p . Using these last results 
one can show that, 



fiiy 



(5.10) 



which vanishes on shell, and hence the invariance of the action (15. 7p under V' . And we can 
conclude that it could be dynamically contracted to V, preserving the usual Casimir invariant 
structure characteristic of ordinary quantum field theories. 
Using (j5.10p we can realize that there is a conserved charge 



Q = I d^xifef, 
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for each one of the specific transformations encoded in (|5.8p . Performing a simple t derivative 
we have that 



vanishes as a consequence of the divergence theorem. By considering only translations, we 



Analyzing 9^'^ translations and Lorentz transformations, we can derive in a similar way an 
explicit form for the other generators of V' , here denoted by H^i, and J^^- Under an appropriate 
bracket structure, following the Noether's theorem, these conserved charges will generate the 
transformations (j5.6p and (j5.9p . 

Summarizing, we can say that we have been able to introduce fermions satisfying a generalized 
Dirac equation, which is covariant under the action of the extended Poincare group V . This 
Dirac equation has been derived through a variational principle whose action is dynamically 
invariant under V' . This can justify possible roles played by theories involving noncommutativity 
in a way compatible with Relativity. Of course this is just a little step toward a field theory 
quantization program in this extended x + 6 spacetime, which is our next issue. 

6 Quantum complex scalar fields and noncommutativity 

So far we saw that in a first quantized formalism, 6'^'^ and its canonical momentum tt^^, are 
seen as operators living in some Hilbert space. This structure is compatible with DFRA algebra 
and it is invariant under an extended Poincare group of symmetry. In a second quantization 
scenario, we will reproduce in this section the results obtained in [50]. An explicit form for the 
extended Poincare generators will be presented and we will see the same algebra is generated 
via generalized Heisenberg relations. We also introduce a source term and construct the general 
solution for the complex scalar fields using the Green's function technique. 

As we said before in a different way, at the beginning the original motivation of DFR to 
study the relations (jl.ip , (j2.ip and (j2.5p was the belief that an attempt of obtaining exact mea- 
surements involving spacetime localization could confine photons due to gravitational fields. 
This phenomenon is directly related to (jl.ip . (j2.ip and ()2.5p together with ()1.5p . In a somehow 
different scenario, other relevant results are obtained in [171 [20l \2T\ [22l \T9\ [23] relying on condi- 
tions (jl.ip , ()2.ip and (j2.5p . We saw that the value of 6 is used as a mean value with some weight 
function, generating Lorentz invariant theories and providing a connection with usual theories 
constructed in an ordinary D = 4 spacetime. 

To clarify a little bit what we saw in the last sections, we can say that, based on [46 1 147[ BH l 149] 
a new version of NCQM has been presented, where not only the coordinates x'* and their 
canonical momenta are considered as operators in a Hilbert space Ti, but also the objects of 
noncommutativity 9^'^ and their canonical conjugate momenta vr^i/. All these operators belong 
to the same algebra and have the same hierarchical level, introducing a minimal canonical 
extension of the DFR algebra, i.e., the DFRA algebra introduced by R. Amorim in a first 
paper [l6] followed by others [171 HSl HHl [50] . This enlargement of the usual set of Hilbert space 
operators allows the theory to be invariant under the rotation group SO{D), as showed in detail 
in the sections above [46[ 149] . when the treatment was a nonrelativistic one. Rotation invariance 
in a nonrelativistic theory, is fundamental if one intends to describe any physical system in 
a consistent way. In the last sections, the corresponding relativistic treatment was presented, 
which permits to implement Poincare invariance as a dynamical symmetry [35] in NCQM. In 



Q 




can write j 



= j^a^, and consequently to define the momentum operator 
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this section we essentiahy consider the "second quantization" of the model discussed above [U] , 
showing that the extended Poincare symmetry here is generated via generahzed Heisenberg 
relations, giving the same algebra displayed in [171 HH], 

Now we will study the new NC charged Klein-Gordon theory described above in this D = 10, 
X + 9 space and analyze its symmetry structure, associated with the invariance of the action 
under some extended Poincare {V) group. This symmetry structure is also displayed inside 
the second quantization level, constructed via generalized Heisenberg relations. After that, the 
fields are shown as expansions in a plane wave basis in order to solve the equations of motion 
using the Green's functions formalism adapted for this new {x + 0) D = 4 + 6 space. It is 
assumed in this section that Vt{9) defined in (I4.20p is constant. 

6.1 The action and symmetry relations 

An important point is that, due to ()l.ip . the operator x'^ can not be used to label a possible 
basis in %. However, as the components of commute, as can be verified from the DRFA 
algebra and the relations following this one, their eigenvalues can be used for such purpose. 
From now on let us denote by x and 6 the eigenvalues of X and 6. 

In Section |4] we saw that the relations (II. ip . ()2.2p ~ ()2.7p and ()2.9p allowed us to utilize [25] 

as the generator of the Lorentz group, where 

= x^ + \o^''Vu, 
and we see that the proper algebra is closed, i.e.. 

Now M'^'^ generates the expected symmetry transformations when acting on all the operators 
in Hilbert space. Namely, by defining the dynamical transformation of an arbitrary operator A 
in 7i in such a way that SA = i[A, G], where 

G = ^co^.MP-' - a^p^ + hp-'TT^,, 
and coP'^ = —iv'^P, aP, bP'^ = —b^P are infinitesimal parameters, it follows that 



5y.P = LoP^-}C + aP, (6.1b) 

^Pm = ^^,''Pv, (6.1c) 

Sep"" = uPpOP" + u^pOPP + bP"", (6. Id) 

= uj^P-rTpiy + uj^jPtt^p, (6.1e) 

dmP" = w'^^M^^ + uj\;M.pp + aPp" - a'^pp + bPPT:^ ^ + b^P^Pp, (6.1f) 



generalizing the action of the Poincare group V in order to include 6 and vr transformations, 
i.e., V' . The V' transformations close in an algebra, such that 



[52,5i]A = 53A, 
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and the parameters composition rule is given by 

II U a U a U U V u 

^3 V = ^1 a^2 V - ^2 a'^l H = ^1 i.a2 " ^2 u^l, 

C = - ^^2 pbT - phf + . 

The symmetry structure displayed in equation (j6.ip was discussed before. 

In the last sections we tried to clarify these points with some detail and we have showed a way 
for constructing actions representing possible field theories in this extended x + spacetime. 
One of such actions, generalized in order to permit the scalar fields to be complex, is given by 

S = - J d^xd^e^^^^'(|)*^^(|) + ^^^"'^*^f,^(|) + m^c^)*(|)Y (6.2) 

where A is a parameter with dimension of length, as the Planck length, which is introduced due 
to dimensional reasons. Here we are also suppressing a possible factor il.{6) in the measure, 
which is a scalar weight function, used in [T71 [201 [211 [22l [191 [23] , iii a NC gauge theory context, 
to make the connection between the D = 4 + 6 and the D = 4 formalisms. 
The corresponding Euler-Lagrange equation reads 

^ = (□ + A2ne-m2)0* = O, (6.3) 

with a similar equation of motion for (f). The action (16. 2p is invariant under the transformation 

Sep = -{a^ + Lo^x") d^cp - 1(6^'^ + 2u%en 5^,</>, (6.4) 

besides the phase transformation 

S(/) = —ia(j), (6.5) 

with similar expressions for (p* , obtained from (16. 4p and (16. Sp by complex conjugation. We 
observe that ()6.1cp closes in an algebra, as in (|4.7p . with the same composition rule defined 
in (14. sp . That equation defines how a complex scalar field transforms in the x + space 
under V'. The transformation subalgebra generated by (|6.1dp is of course Abelian, although it 
could be directly generalized to a more general setting. 

Associated with those symmetry transformations, we can define the conserved currents |47] 

dH dr. BC BC 

BB^cp BB^cj)* BBf,u(t> dB^u(p* 

Actually, by using (|6Tcl) and ([eld]) , as weU as ([6Tbl) and ([eld]) , we can show, after some 
algebra, that 

The expressions above, as seen before, allow us to derive a specific charge 

for each kind of conserved symmetry encoded in (j6.1cp and ()6.1dp . since 
Q = j d^xd'e {Sif + \d^ur^ 
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vanishes as a consequence of the divergence theorem in this (x, 9) extended space. Let us consider 

each specific symmetry in (|6.1c|) and ()6.1d|) . For usual x-translations, we can write = j^a^^-, 
and so we can define the total momentum 

Pf^ = - j d^xd^^ i° = j d^xd^e{<j)*df,(j) + <j)df,(l)* - £(5°) . (6.6) 

For ^-translations, we can write that = j^^b'^'^ , and consequently, giving 

Pi^u = - j d^xd^Ojl^ = i y d^xd'^e{^*d^,(l) + </)9^.r) . (6.7) 

In a similar way we define the Lorentz charge. By using the operator 

A^z. = X[^,d^] + 0^°d^]a, (6.8) 
and defining = j^^uj^^'^ , we can write 

M^, = -J d'^xd^e'jl, = j d'xd''9{<j)*A,^cl) + <j)A,^cP* - C6lx,{). (6.9) 
At last, for the symmetry given by ()6.1dp . we can write the U{1) charge as 

Q = i [ d^xd^e ((/>> - #*). (6.10) 



Now let us show that these charges generate the appropriate field transformations (and 
dynamics) in a quantum scenario, as generalized Heisenberg relations. To start the quantization 
of such theory, we can define as usual the field momenta 

7r = ^ = vr* = ^ = (^, (6.11) 

dcj) d4>* 

satisfying the non vanishing equal time commutators (in what follows the commutators are to 
be understood as equal time commutators) 

[i^{x,e),(l){x' ,6')] = -i6^{x-x')6^{e-9'), 

[7r*{x,e),(l)*{x',9')] = -i5^{x-x')5^{e-6'). (6.12) 



The strategy now is just to generalize the usual field theory and rewrite the charges (j6.6p - 
(|6.10p by eliminating the time derivatives of the fields in favor of the field momenta. After 
that we use (j6.12p to dynamically generate the symmetry operations. In this spirit, accordingly 
to (j6.6p and ()6.1ip . the spatial translation is generated by 

Pi = j d^xd^e{Trdi(j) + 7r*di(j)*), 

and it is trivial to verify, by using (j6.12p . that 

[p,,yix,9)] = -idiy{x,9), 

where y represents 4>, (j)*, n or vr*. The dynamics is generated by 



A2 

4 



Po = I d?xd^9 [ TT*7r + d'^*d'<j) + —df"'(j)*d^^()) + m^,/.*^ 



accordingly to (j6.6p and (|6.1ip . 
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With the Lagrangian given in ()6.2p we can have that 



these are the canonical conjugate momenta in 0-space, the 0-momenta. Together with vr and vr* 
we have the complete momenta space. 

At this stage it is convenient to assume that classically 

> 

to assure that the Hamiltonian H = Pq \s positive definite. This condition can also be written 
as 

since we always have an even exponential for A. By using the fundamental commutators (j6.12p . 
the equations of motion ()6.3p and the definitions ()6.1ip . it is possible to prove the Heisenberg 
relation 

[Po,y{x,6)] = -idoy{x,e). 

The ^-translations, accordingly to (16. 7p and (16. lip , are generated by 

Pi^u = \j d^x<fe{TTd^,ct) + n*d^,<i)*), 

and one obtains trivially by ()6.12p that 

[p^,u.y{x,e)] = -id^,y{x,e). 

Lorentz transformations are generated by (16. 9p in a similar way. The spatial rotations gen- 
erator is given by 



Mij = J d'^xd^e{7rAji(j) + Tr*Aji(j)*), (6.13) 
while the boosts are generated by 

Mo, = ^J d'^xd'^0\^7^*^Tx^ - xo{7rdi(P + TT*di(P*) + vr(20j7ao]^ - xodi)<)) 

+ 7r*(20j7ao]^ - xodi)^* + {dj(l)*dj(l) + —^^"'ct)*^^,c|) + m^^*4>)xij. (6.14) 
As can be verified in a direct way for (j6.13p and in a little more indirect way for (|6.14p 

[M^u,y{x,e)]=iAf,,yix,9), 

for any dynamical quantity y, where A^,y has been defined in (16. Sp . At last we can rewrite (I6.10p 



as 



Q = i j d^xd^e[TT(t)-TT*(t)*), 



generating ()6.1dp and its conjugate, and similar expressions for vr and vr*. So, the V and (global) 
gauge transformations can be generated by the action of the operator 
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over the complex fields and their momenta, by using the canonical commutation relations (j6.12p . 
In this way the V' and gauge transformations are generated as generalized Heisenberg relations. 
This is a new result that shows the consistence of the DFRA formalism. Furthermore, there are 
also four Casimir operators defined with the operators given above, with the same form as those 
previously defined at a first quantized perspective. So, the structure displayed above is very 
similar to the usual one found in ordinary quantum complex scalar fields. We can go one step 
further, by expanding the fields and momenta in modes, giving as well some other prescription, 
to define the relevant Fock space, spectrum. Green's functions and all the basic structure related 
to free bosonic fields. In what follows we consider some of these issues and postpone others for 
forthcoming works. 

6.2 Plane waves and Green's functions 

In order to evaluate a little more the framework described in the last sections, let us rewrite the 
generalized charged Klein-Gordon action (j6.2|) with source terms as 



(6.15) 



The corresponding equations of motion are 

{a + \^nQ-m^)^{x,e) = J{x,e) (6.16) 
as well as its complex conjugate one. We have the following formal solution 

(l){x,e) = (i)j=Q{x,d) + (t)j{x,e), 

where, clearly, (/>j=o(2;, 9) is the source free solution and 0j(x, 9) is the solution with J 7^ 0. 
The Green's function for (j6.16|) satisfies 

(□ + A^Dg - m^)G{x -x',9- 9') = 5^(x - x')6^{9 - 9'), (6.17) 

where 6^{x — x') and 5^{9 — 9') are the Dirac's delta functions 

- = / d'K(r,e^''^-y^^-^'\ (6.18) 

-9') = j^J d^K^,^e'WO~s')_ (6.19) 

Now let us define in = 10 

X = (^x^\ j9f"'^ (6.20) 

and 

K={Kj;^^,XK^^^), (6.21) 

where A is a parameter that carries the dimension of length, as said before. From (16.20p 
and (|6.21|) we write that 



K-X = + -K^2)^.u0'"'. 
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The factor ^ is introduced in order to eliminate repeated terms. In what follows it will also be 
considered that 

d^^K = d^K(^^)d^K^2) 

and 

= d^xd^e. 

So, from (16.16P and (I6.17P we formally have that 

(j)j{X) = J d^°X'G{X - X')J{X'). (6.22) 

To derive an explicit form for the Green's function, let us expand G{X — X') in terms of 
plane waves. Hence, we can write that 

G{X - X') = — ^ / d^^KG{K)e'^<^~^'\ (6.23) 



(2vr)io ^ 

Now, from (fOTD . (f6llD . (f6lB and (lOSjl we obtain that, 

d^°K f d^^K 

(2vr: 



(□ + A^n,-n.^)/^G(i^)e--(-') = j 



JK-{x-x') 



giving the solution for G{K) as 

G{K) = -^pT^-^ (6.24) 
where, from (I6.2ip . 

Substituting (IQij) in (IQgl) we obtain 

G{x --',0-0') = j^l d^K j ^K° (^o)2_^2 ^^^-^^-^^ (6-25) 
where the "frequency" in the (x + 9) space is defined to be 



UJ = OJ 



(i?(i),i^(2)) = • ^(1) + Yi^{2)^.^S + (6-26) 



which can be understood as the dispersion relation in this L) = 4 + 6 space. We can see also, 
from (j6.25p . that there are two poles = ±w in this framework. Of course we can construct 
an analogous solution for (j)j{x,9). 

In general, the poles of the Green's function can be interpreted as masses for the stable 
particles described by the theory. We can see directly from equation ()6.26p that the plane waves 
in the {x + 0) space establish the interaction between the currents in this space and have energy 
given by a;(ir(i), K(2)) since 
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where 

^fl,2) = ^fl) + Y^?2)- 

So, one can say that the plane waves that mediate the interaction describe the propagation of 
particles in a x + ^ spacetime with a mass equal to m. We ask if we can use the Cauchy residue 
theorem in this new space to investigate the contributions of the poles in (j6.25p . Accordingly 
to the point described above, we can assume that the Hamiltonian is positive definite and 
it is directly related to the hypothesis that K'^-^ = — < 0. However if the observables 
are constrained to a four dimensional spacetime, due to some kind of compactification, the 
physical mass can have contributions from the NC sector. This point is left for a forthcoming 
work [53], when we will consider the Fock space structure of the theory and possible schemes 
for compactification. 

For completeness, let us note that substituting ()6.22p and (I6.25P into ()6.15p . we arrive at the 
effective action 

which could be obtained, in a functional formalism, after integrating out the fields. 

We can conclude this last section saying that the DFRA formulation reviewed here takes 
into account noncommutativity without destroying the symmetry content of the corresponding 
commutative theories. We expect that the new features associated with the objects of noncom- 
mutativity will be relevant at high energy scales. Even if excited states in the Hilbert space 
sector associated with noncommutativity can not assessed, ground state effects could in principle 
be detectable. 

To end this revision work we have considered in this section, complex scalar fields using 
a new framework where the object of noncommutativity 9^'^ represents independent degrees of 
freedom. We have started from a first quantized formalism, where 6^'^ and its canonical mo- 
mentum TT^i, are considered as operators living in some Hilbert space. This structure, which 
is compatible with the minimal canonical extension of the Doplicher-Fredenhagen-Roberts- 
Amorim (DFRA) algebra, is also invariant under an extended Poincare group of symmetry, but 
keeping, among others, the usual Casimir invariant operators. After that, in a second quantized 
formalism perspective, we explained an explicit form for the extended Poincare generators and 
the same algebra of the first quantized description has been generated via generalized Heisenberg 
relations. 
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